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Abstract
BioMEM microfluidic weirs enable biologists to study biological processes at the cell level.
A novel substrate-affixed microfluidic array of weirs allows active sorting of cells via control
electrodes. The ability of the weirs to retain cells hydrodynamically is vital to the function-
ality of the substrate-affixed array of weirs. The objective of this thesis is to give insight
using numeric tools to the microfluidic weir designer on how to improve the ability of the
microfluidic weir to retain cells. Simulations of the interactions between the cell and the
weir were performed using a computer simulation of Stokes flow. The computational ap-
proach uses a pre-corrected Fast Fourier Transform Boundary Element Method to evaluate
the drag forces acting on the cell and a rigid body physics library to handle rigid body col-
lision dynamics between the cell and the weir. This model was used to address two research
questions which are the two main discussions of the thesis.
The first discussion studies in detail the mechanisms behind the 'Around The Side'
(ATS) and 'Over The Top' (OTT) modes of escape that were observed experimentally. A
model example was studied for each mode. The forces and torques experienced by the cell
when it escaped through either mode are explained in detail. Each mode was segmented
into time periods and the mechanisms behind these modes of escape were discussed to give
insight to the microfluidic weir designer.
The second discussion focuses on design space exploration and optimization of the abil-
ity of the microfluidic weir to retain the cell. In order to make design optimization com-
putationally tractable a surrogate is derived; that is, a model that provides an accurate
approximation to the input/output map of the simulation but that is much cheaper compu-
tationally to evaluate. The surrogate was built using the Support Vector Machine (SVM)
algorithm and was then used for the design space exploration and optimization. The weir
geometry and flow rate were used as design variables to maximize the ability of the mi-
crofluidic weir to retain cells in the design optimization problem. Results from the design
space exploration and optimization showed that a minimal depth of the mouth of the weir
is required for the weir to be able to retain any beads. However, the ability of the weir to
retain beads is more sensitive to the width of the mouth than the depth.
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Nomenclature
ATS A mode of escape in which the bead paths around the side of the weir
a A variable of the trap geometry that defines the width of the mouth of the
weir along the y-direction
b A variable of the trap geometry that defines the length of the mouth of the
weir along the x-direction
F, The x-direction component of the hydrodynamic force acting on the bead
F, The y-direction component of the hydrodynamic force acting on the bead
OTT A mode of escape in which the bead paths over the top of the weir
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r-x The x-direction component of the hydrodynamic torque acting on the bead
Ty The y-direction component of the hydrodynamic force acting on the bead
Tz The z-direction component of the hydrodynamic force acting on the bead
Wx The x-direction component of the angular velocity of the bead
wy The y-direction component of the angular velocity of the bead
Wz The z-direction component of the angular velocity of the bead
Chapter 1
Introduction
1.1 Background and Motivation
For many decades, biologists used bulk in-vitro studies to understand many biological pro-
cesses at the cell level. These studies include topics such as the cell cycle [12] [32], the balance
of pro-survival behaviors and apoptosis [19][25] and stress responses [3] [33]. These studies,
however, were averaged responses from a population-based measurement as the cells are
cultivated in a dish or on a plate. Recently, studies at the single-cell level [13][36] [28] [16] [24]
have revealed numerous cross-population heterogeneities [9][30][37)[8] [14] that were unno-
ticeable when the dynamics were tracked using averaged measurements only.
Most of these heterogeneities have been examined using low density, highly triturated
cell cultures. The individual cells are well-separated from one another on the bottom surface
of a culture vessel. However, as the cell-to-cell spacing is not well constrained, the regulation
of cell-to-cell signaling pathways is not uniform throughout the culture. Hence, the potential
of this method to investigate these heterogeneities is limited.
Due to this limitation, expanded tool sets [4][20] [17] [26], typically dependent on mi-
crosystems designs, for examining biological function have been developed. These systems
open up a new dimension for examining cell behaviors as researchers can now handle and
position single cells. With such designs, it is possible to modulate the cell-to-cell communi-
cation pathways in innovative ways [26] [31], organize different types of cells on a single sur-
face while tracking the drug-induced response and map data to systems-biology-motivated
network models [21] [18] that track responses from the single-cell perspective.
Using passive microfluidic weir-based structures [38], Lee [6] held the single cells in large
arrays hydrodynamically, hence making the examination of large numbers of isolated single
cells possible. These design use ceiling mounted polydimethylsiloxane (PDMS) "stalactite"
structures with a small fluid gap to keep the individual cells in place as shown in Figure
1-1. The design of such arrays allows exactly one cell in each trap location.
Ceiling-affixed
PDMS weir
substrate
Figure 1-1: A ceiling mounted PDMS microfluidic weir. Figure courtesy of Taff.
Instead of using a ceiling mounted weir, Taff [34] used a substrate-affixed weir, as shown
in Figure 1-2, as it allows the construction of active sorting arrays. By placing underlying
control electrodes, the arrays can unload targeted subgroups of weirs and/or prevent site-
specific loading altogether.
Glass
coversip
Free-
standing
weir
Silicon
substrate
Figure 1-2: A substrate-affixed microfluidic weir. Figure courtesy of Taff.
Before selective unloading is done by using the control electrodes, the cells are loaded in
the weirs hydrodynamically. It is crucial that the microfluidic weirs are capable of retaining
the cells in the weir hydrodynamically before any sorting can be done.
To date, no numerical analysis or design optimization has been done on substrate-
affixed microfluidic weirs. The stability of the microfluidic weirs are improved through the
experience of the microfluidic weir designer and experimental trial-and-error. Improving
the cell trap design this way is costly in terms of time and money and may not result
in the optimal design. Hence there is an incentive to carry out a design optimization
for the microfluidic weir numerically to reduce the number of iterations the designer has
to go through physically to obtain a good microfluidic weir design and obtain the best
performance.
1.2 Thesis Objective
The objective of the thesis is give insight to the microfluidic weir designer on how to improve
the ability of the microfluidic weir to retain cells. There are two main discussions in the
thesis. The first one is on the mechanisms that caused the cell to escape by studying the
forces and torques in the cases when the cell escapes from the weir. This gives the designer
a better understanding of the mechanisms that caused the cell to escape. The designer is
then able to develop improved trap designs.
A design optimization to improve the ability of the microfluidic weir to retain cells is the
second main discussion. The optimizer finds weir geometries and matching flow rates that
will maximize the ability of the weir to retain the cell. The result of the design optimization
provides microfluidic weir designers with a guidance in improving their designs.
1.3 Thesis Outline
Chapter 2 starts with a description of the experimental setup. The results for the experi-
ments are presented. It then describes how a weir geometry which resembles the physical
weir was generated and used in the numerical simulations. The tools and assumptions of
the numerical simulations are described. The results of the numerical simulations are then
presented. A comparison between the experimental results and the numerical simulations
is discussed.
A detailed study on the forces and torques acting on the cell when the it escapes from
the weir is presented in Chapter 3. Two different modes of escape were simulated from
the numerical simulations carried out in Chapter 2. Each mode of escape was segmented
into time periods to get a better understanding of the mechanisms that caused the cell to
escape.
Chapter 4 describes the design optimization of the microfluidic weir to maximize the
ability of the weir to retain cells. The optimization was done using a surrogate. The
chapter describes the tools, algorithms and assumptions used to build the surrogate. A
design space exploration of the problem was first carried out before any optimization was
done. The optimal trap design is presented in the chapter.
Finally, the conclusions and recommendation of future work are described in Chapter 5.
Chapter 2
Results of the BioMEM
Microfluidic Weir Experiments and
Numerical Simulations
In this chapter, the model of the microfluidic weir and the tools used to carry out the
simulations of the interaction between the cell and the weir are described. The chapter
starts with a description of the physical experiments carried out by Taff and a summary
of the experimental results. It is then followed by a detailed description of the procedure
and assumptions taken to run the numerical simulations. The results of the numerical
simulations will be presented. A comparison between the experimental and numerical results
will then conclude the chapter.
2.1 Physical Experiments
Experiments were performed on the microfluidic weir using rigid beads as a simulation for
biological cells. Five bead diameters and three volumetric flow rates were used. Details
on the experimental procedures and assumptions are included in the Subsection 2.1.1. The
results for the experiments are shown in Subsection 2.1.2. Modes of escape for the escaped
beads are noted as well.
2.1.1 Experimental Setup
The experiments for the microfluidic weirs were performed by Taff. In the setup, an array
of microfluidic weirs is placed in a water chamber. The microfluidic weirs are arranged in
a staggered formation as shown in Figure 2-1. The width of the water chamber is 4 mm
and the height is about 230 to 250 pm. To simulate biological cells, rigid beads of various
diameters are used. The bead diameters are 10 jtm, 15 pm, 20 pm, 27 pm and 40 pm. The
volumetric flow rates used are 1.67 e-10 m3/s, 8.33 e-10 m3/s and 2.08e-9 m3/s.
Figure 2-1: An array of weirs. The direction of flow is from left to right. Figure courtesy
of Taff.
In order to seed the weir with beads, a cloud of beads is added above the array of weirs
and allowed to settle in the weirs and on the substrate floor. Next, the flow is turned on
to flush out the beads that are not in any of the weirs. After a designated duration, the
percentage of beads remaining trapped in the array of weirs is recorded. Observations were
also made about the modes of escape for those beads that have escaped.
Various polymers can be used to manufacture the weirs. Due to the different properties
of the polymers and manufacturing techniques, the manufactured weirs, which had the same
design, can have very different shapes and geometry. Photopatternable silicon (PPS) and
SU-8 photoresist are two of the polymers used to manufacture the weir. Due to the material
properties of PPS, vertical walls cannot be manufactured. The maximum extrusion angle is
760, as shown in Figure 2-2a. On the other hand, referring to Figure 2-2b, a weir made using
SU-8 has an angle of 940 and is much closer to the vertical-wall design that was desired.
(a) Native sidewall angles of PPS (b) Native sidewall angles of SU-8
Figure 2-2: A comparison of the native sidewall angles of PPS and SU-8 by taking a cross
section view. Scale bar is 25 pm. Figures courtesy of Taff.
2.1.2 Results
For the PPS weirs, only experiments with volumetric flow rates of 8.33e-10 m3 /s and 2.08e-9
m 3/s have been performed for the five bead sizes mentioned in Subsection 2.1.1. For both
flow rates, there is a non-linear relation between the percentage of beads that remained
captured and the size of the beads. The PPS weirs seem to be well suited to retain beads of
27 Ipm in diameter for a flow rate of 8.33e-10 m3 /s. For the volumetric flow rate of 2.08e-9
m 3/s, bead diameters of 20 pm were preferentially trapped
It was also noted that the manner in which the beads escaped from the weirs were
distinctly different for the 10 pm diameter beads and the bigger sized (i.e. 40 pm) ones.
The 10 pm diameter beads tended to escape by pathing around the side of the weir as
shown in Figure 2-4. This mode of escape will be called 'Around The Side' (ATS) in this
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Figure 2-3: A chart of the experimental results using the PPS weirs. It is a plot of the per-
centage of beads that remained trapped against the bead diameter for a defined volumetric
flow rate, Q. The line in black is for Q = 8.33e-10 m3/s and the line in red is for Q =
2.08e-9 m3/s. Chart courtesy of Taff.
thesis. On the other hand, the larger beads tended to escape by rolling over the top of the
weir. This mode of escape will be called 'Over The Top' (OTT) in this thesis.
(a) t = 0.03441 s (b) t = 0.09440 s (c) t = 0.11663 s
(d) t = 0.12440 s (e) t = 0.13125 s (f) t = 0.13719 s
Figure 2-4: A bead escaping from the weir by pathing around the side of the weir. This
mode of escape is termed as 'Around The Side' (ATS) in the thesis. The weir shown here
is of a slightly different design but the ATS mode of escape was observed in the weirs that
had a rectangular-shaped back as well. The flow direction is from top from bottom. Figures
courtesy of Taff.
At present, for the SU-8 weirs, only experiments with a volumetric flow rate of 1.67 e-10
m 3/s have been performed. In addition, the experiments have only been performed using
beads that have diameters of 10 pm and 15 pm. From Figure 2-5, for beads that have a
diameter of 10 pm, the percentage of beads that remain trapped was approximately 10-20%.
On the other hand, for the beads that have a diameter of 15 pm, the percentage of beads
that remained trapped was approximately 90-100%. A comparison was made between the
PPS weir and the SU-8 weir for the 10 pm and 15 pm bead diameters for the 1.67 e-10
m3/s flow rate in Figure 2-5. For both bead diameters, the percentage of beads retained for
the SU-8 weir was higher than the PPS weirs. In fact, for the 15 Om diameter beads, the
percentage of beads retained by the SU-8 was about 5 times that of the PPS weirs. Since
the objective of the microfluidic weirs was to capture beads of diameters between 8-12 Jim,
the SU-8 weirs outperform the PPS weirs.
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Figure 2-5: A chart of the experimental results using the SU-8 weir and PPS weir for a
single flow rate. It is a plot of the percentage of beads that remained traped against the
bead diameter when Q = 1.67e-10 m3/s. The line in orange is for the SU-8 weirs. The line
in green is for PPS weir. Chart courtesy of Taff.
2.2 Numerical Simulations
Numerical simulations for a single weir were performed for three volumetric flow rates.
Five and fifteen bead diameters were chosen for the PPS weirs and SU-8 weirs respectively.
A description of how the weir geometry used in the simulations was obtained is found in
Subsection 2.2.1. A brief description of the Stokes solver used to run the simulation is
included in Subsection 2.2.2. The assumptions and approximation used in the numerical
simulations are included in this section. The results and some discussion of the numerical
simulations are then presented in Subsection 2.2.4.
2.2.1 Weir Geometry Extraction
The design for the weir on paper is as shown in Figure 2-6. The edges are sharp and its
overall shape can be easily defined by simple regular geometrical shapes. However, as these
weirs are on the scale of microns and polymer manufacturing technology on that length
scale is still limited, the shape of the weir as-manufactured is shown in Figure 2-7a and 2-7b
when SU-8 and PPS polymers were used respectively. In order to get a better agreement
between the numerical results and experimental data, a weir which closely resembles the
actual weir used in the experiments was used for the simulation instead of the as-designed
one.
Figure 2-6: The designed geometry of the microfluidic weir.
From the photograph of an array of weirs as seen in Figure 2-1, the image of a single
well-lit weir was cropped out. The weir was selected for its appropriate contrast against
the substrate floor which aids in obtaining a better outline of the weir geometry when the
image is changed to black and white later.
Subsequently, the image was thresholded to increase the contrast between the black and
white sections of the image and was converted into black and white. The outline of the weir
(a) Microfluidic weir made using SU-8
Figure 2-7: Image of the manufactured weir based on the design above. The material used
in (a) was SU-8 and in (b) was PPS. Figures courtesy of Taff.
after converting the image to black and white is shown in Figure 2-8. A summary of this
image processing sequence is as shown in Figure 2-9.
Figure 2-8: A black-white outline of the weir obtained from the image.
In order to obtain a better defined outline of the weir, certain black pixels were changed
to white pixels manually. The final pixelated outline of the weir as shown in Figure 2-
10. A comparison between the pixelated outline and that of the original image is shown
in Figure 2-11. This ensured that the outline obtained still resembles that of the original
image closely.
The next step was to create a smooth geometric outline for the weir. A spline was fitted
at various points to obtain an outline that followed the pixelated image closely. Using the
equation of the spline, the shape of the spline was exported into SolidWorks. The outline of
the weir was then scaled to the size of the weir using the pixel to image ratio of the camera
(b) Microfluidic weir made using PPS
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Figure 2-9: A graphical flow chart of the image processing process.
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Figure 2-10: A thin outline of the weir obtained from the image. The line is one pixel thick.
Figure 2-11: A comparison of the pixelated weir outline with the image it was extracted
from. The match is not exact but reasonably accurate. Background figure courtesy of Taff.
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used to take the photograph.
The SU-8 polymer weirs were assumed to have vertical edges, hence a 3D geometry of
the weir can easily be obtained from the 2D outline of the weir with a simple extrusion. This
extrusion was done in SolidWorks and hence a complete Computer-Aided Design (CAD) of
the weir from the actual image was obtained. The tessellation of the CAD model was done
using CAPRI [15]. The parameters used for the tessellation were the maximum allowable
angle between panels, the maximum edge length relative to the model dimensions and the
maximum sag for curvature approximation. For this CAD, the maximum allowable angle
was chosen as 100, the maximum edge length was defined as 0.075 and the maximum sag
was picked as 0.005. This resulted in a tessellated weir, which resembles the actual weir,
that could be used in the transient analysis Stokes flow solver. An image of the tessellated
weir is shown in Figure 2-12.
Figure 2-12: An isometric view of the tessellated weir. The number of panels is 1602.
2.2.2 Transient Analysis Stokes Flow Solver
A program that simulates the time dependent behavior of a micromechanical and microflu-
idic system was developed by Coelho [7]. The program uses a precorrected Fast Fourier
Transform (FFT) Boundary Element Method (BEM) to evaluate the drag forces on the
objects present in the simulation. The Green's function for Stokes flow bounded by an
infinite plane is used in this method. The infinite plane implicitly represents the substrate
floor that the weir is affixed to.
In microfluidic devices, the drag forces and the mass of the object in the flow is such
that the time constant for any momentum transfer bewteen the object and the fluid is very
small. Using Equation (2.1) where 7 is the time constant, m is the mass of the object, 1
is the length scale and D is the drag force, a large D and small m, which is typically the
case for microfludic applications, results in a small T. The small time constant causes the
timescale for any momentum transfer between the object and the fluid to be much smaller
than the timescale for objects to move in the devices, which is usually the timescale of
interest. As a result of the limitation on the step size, the computational cost increases
extensively and hence the simulation of any real problem becomes impractical.
7• l (2.1)
Usually, to address the issue of stiffness, an implicit time stepping scheme is used.
However, since the forces on the surface of the objects is dependent on their position, velocity
and orientation, this would result in having to solve a large non-linear boundary element
problem. In order to avoid the issue of stiffness and yet not increase the computational
cost extensively by solving a non-linear equation for the forces on the surface of the objects
at each time step, the program couples a time-stepping scheme that updates the velocity
implicitly and position explicitly to a boundary element stokes solver. In addition, the
time stepping scheme also involves a rigid body physics library, Open Dynamics Engine, to
handle the events when there are any contacts, collisions or friction between two or more
rigid bodies.
2.2.3 Numerical Simulations Description
The flow is in the Stokes flow regime, hence the transient analysis Stokes solver as mentioned
in Section 2.2.2 was used for the numerical simulations. Due to the high computational cost
of the Stokes solver, the numerical simulations included only a single weir instead of an array
of weirs. The geometry of the weir was obtained from images of the weirs as mentioned in
Section 2.2.1. It was noted that the PPS weirs and SU-8 weirs looked distinctly different,
hence weir geometries that resembled the PPS weirs and SU-8 weirs were created as well for
the numerical simulations. The cells were represented by rigid beads of various diameters,
similar to physical experiments.
Using the coordinate system shown in Figure 2-12, the y-coordinate of the starting
position of the bead, yo, was defined as zero for this set of analyses. The z-coordinate of the
starting position of the bead, zo, was set to half the diameter of the bead. This meant that
the bead was sitting on the substrate floor. The x-coordinate of the bead, xo, was chosen
such that the bead was as deep as possible inside the mouth of the weir as shown in Figure
2-13.
(a) Bead diameter = 10 ym (b) Bead diameter = 20 pm
Figure 2-13: The starting position of the bead is place as deep as possible inside the mouth
of the weir. The weirs here are the SU-8 weirs.
To conform with the physical experiment, the variables for the numerical simulations
were chosen as the bead diameter and the volumetric flow rate, Q. The diameters of the
bead used in the numerical simulation, in intervals of 1 im, were from 8 to 20 pm. The
lower bound on the diameter was chosen because cells are typically about 8 to 12 Pm in
diameter. The upper bound was picked as the height of the weir is 20 Pm. However, to
correspond with the physical experiments, bead diameters of 27 tim and 40 Mm were also
i
used in the numerical simulations.
The width of the channel in the numerical simulation was 4 mm and the height of the
channel was 240 pm. The volumetric flow rates used for the numerical simulations were
1.67 e-10 m3 /s, 8.33 e-10 m 3 /s and 2.08e-9 m3 /s, which corresponded to the volumetric flow
rates used in the physical experiment.
The Stokes solver allows the user to decide the duration of the simulated time. However,
an alternate termination condition based on the position of the bead was also present. This
allows the simulation to terminate even before the pre-defined end-time is reached. This
termination condition was set such that the simulation will terminate if the x-coordinate of
the center of the bead is more than or equal to 25 pm as shown in Figure 2-14.
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Figure 2-14: A top view of the SU-8 weir. The red line marks the boundary where the
simulation will terminate when the x-coordinate of a moveable object goes past it.
The line as shown in Figure 2-14 is behind the mouth of the weir. Hence, only beads
that had escaped from the weir would activate that termination condition. The definition
of 'trapped' was then based on whether the final entry of a vector which kept record of the
time steps for a certain simulation was the same as the pre-defined end-time. Visual checks
on the path of the bead for each simulation were also made to ensure that the bead had
either stayed trapped or escaped. The modes of escape were also noted for those beads that
had escaped.
A typical configuration file that is fed into the Stokes solver for these simulations can
be found in Appendix A. Refer to Coelho [7] for more information on the syntax used in
the configuration file.
2.2.4 Results
Due to the high computational cost of the Stokes solver, the numerical simulations focused
only on the simulations of a single weir instead of an array. The bead was initially placed in
the mouth of the weir and the path of the bead was simulated. At the end of the simulation,
it would be noted if they bead had stayed trapped within the weir or had escaped. A more
detailed description of the set up for the numerical simulations can be found in Subsection
2.2.3.
As experimental results seem to suggest that the SU-8 weirs perform better than PPS
weirs in capturing beads of 8-12 pm in diameter, more computational resources were used
for the simulations for the weir that resembled the SU-8 weirs instead of the weir that
resembled the PPS weir. For the weir geometry which resembled the PPS weir, the numerical
simulations were carried out for five bead diameters. In addition, the numerical simulations
were set with volumetric flow rates of 8.33e-10 m3/s and 2.08e-9 m3/s for the PPS weirs.
These bead diameters and flow rates were selected to correspond to the physical experiments.
A heat map in Figure 2-15 summarizes the results of the simulations. Most of the beads,
irrespective of bead diameters, tended to roll over the top of the weir for both flow rates.
An example of one such path is as shown in Figure 2-16. The only simulation in which the
bead remained trapped had a bead of diameter 10 pm and a flow rate of 8.33e-10 m3/s.
Table 2.1 and Table 2.2 gives a quantitative summary of the results for the simulations for
the PPS weirs for Q = 8.33e-10 m3 /s and Q = 2.08e-9 m3/s respectively.
Table 2.1: Results for PPS weir, Q = 8.33e-10 m3/s
Bead diameter (Mim) Simulated duration (s) Trapped/Mode of Escape
10 120 Trapped
15 1.9221 OTT
20 0.5272 OTT
27 0.2794 OTT
40 0.1729 OTT
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Figure 2-15: A heat map which summarizes the results from the simulations for the PPS
weir. Blue represents the case when the bead has escaped by rolling over the top (OTT).
Red represents the case when the bead is trapped.
Figure 2-16: A typical path taken by a bead that rolls over the top. The asterisk marks the
starting position of the bead. Flow direction is from bottom left to top right.
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Table 2.2: Results for PPS weir, Q = 2.08e-9 m3/s
Bead diameter (pm) Simulated duration (s) Trapped/Mode of Escape
10 21.8452 OTT
15 0.5401 OTT
20 0.2096 OTT
27 0.1164 OTT
40 0.0703 OTT
Numerical simulations with bead diameters of 8-20 pm, 27 pm and 40 pm were done
for the SU-8 weir. Three volumetric flow rates were set in the simulations. They were
1.67e-10 m3/s, 8.33e-10 m3/s and 2.08e-9 m3/s. A quantitative summary of the results for
the 1.67e-10 m3/s, 8.33e-10 m3/s and 2.08e-9 m3/s flow rates for the earlier stated range of
bead diameters are shown in Table 2.3, 2.4 and 2.5 respectively. Figure 2-17 then shows a
qualitative summary of the results for simulations of the SU-8 weirs.
Table 2.3: Results for SU-8 weir, Q = 1.67e-10 m3/s
Simulated duration (s)
120
120
120
120
120
60
120
120
120
120
26.8068
12.2296
4.3834
1.4374
0.7556
Trapped/Mode of
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
OTT
OTT
OTT
OTT
OTT
It can be noted from Table 2.3, 2.4 and 2.5 that the end-time for the simulations which
show that the beads were trapped vary for some of the cases. This was done to shorten
computation time and is justifiable because the results show that beads that had escaped
from the weir do not exceed a simulated duration of 41 s. Furthermore, if the path of a
bead is observed to have a chance of escaping at the end-time, the simulation will be carried
out for longer.
Bead (pm) Escapediameter
8
9
10
11
12
13
14
15
16
17
18
19
20
27
40
Table 2.4: Results for SU-8 weir, Q = 8.33e-10 m3/s
Bead diameter (Am)
8
9
10
11
12
13
14
15
16
17
18
19
20
27
40
Simulated duration (s)
40.1555
55
60
120
120
120
60
16.3844
9.0740
1.6106
1.0962
0.8553
0.7126
0.2488
0.1377
Trapped/Mode of Escape
ATS
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
OTT
OTT
OTT
OTT
OTT
OTT
OTT
OTT
Table 2.5: Results for SU-8 weir, Q = 2.08e-9 m3/s
Bead diameter (tm) Simulated duration (s) Trapped/Mode of Escape
8
9
10
11
12
13
14
15
16
17
18
19
20
27
40
12.9783
120
50
120
120
120
60
1.4528
0.8883
0.6172
0.4946
0.3397
0.2848
0.0980
0.0553
ATS
Trapped
Trapped
Trapped
Trapped
Trapped
Trapped
OTT
OTT
OTT
OTT
OTT
OTT
OTT
OTT
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Figure 2-17: A heat map which summarizes the results from the simulations for the SU-8
weir. Green represent the case when the bead escape around the side (ATS). Blue represents
the case when the bead has escaped by rolling over the top (OTT). Red represents the case
when the bead is trapped.
It is interesting to note that even though the ATS mode of escape were not seen in the
simulation results for the PPS weir, this mode of escape in seen in the simulation results for
the SU-8 weir. Figure 2-18a shows the path taken by a bead which has a diameter of 8 pm
with a flow rate of 8.33e-10 m3/s. The bead has escaped by pathing around the side of the
weir. On the other end of the bead diameter range, beads of larger diameter, for example
40 pm, escaped over the top as shown in Figure 2-18b.
(a) ATS (b) OTT
Figure 2-18: The modes of escapes that appear in the simulations. (a) ATS for the bead of
diameter 8 pm and (b) OTT for the bead of diameter 40 pm. Q = 8.33e-10 m3/s for both
(a) and (b). The asterisk marks the starting position of the bead. Flow direction is from
bottom left to top right.
Another note of interest is that the simulation results showed that for the bead to escape
by rolling over the top of the weir for the case of the SU-8 weir, the radius of the bead need
not be more than or equal to the height of the weir. The height of the weir here was fixed
at 20 pm but beads of diameter 15 jm are seen escaping over the top of the weir for the
flow rates of 8.33e-10 m3/s and 2.08e-9 m3/s as seen in Figure 2-17.
2.3 Comparison of Experimental and Numerical Results
The results of the experiments are reported as percentage of weirs in an array that contain
beads after some interval. The result of a numerical simulations is the path of a single
bead interaction with a single weir. These two quantities are not directly and quantifiably
comparable. However, qualitative observation on the relation between these results can be
made.
The SU-8 weirs are very capable of retaining beads of 15 pm in diameter experimentally
as shown in Figure 2-5. The numerical results indicate this behavior as well. Referring to
Figure 2-17, the beads have escaped when the flow rates were 8.33e-10 m3/s and 2.08e-9 m3/s
but were seen to remain trapped when the flow rate was 1.67e-10 m3/s. The experimental
results also indicated that the weirs were poor at retaining beads of 10 pim in diameter for
the 1.67e-10 m3/s flow rate. The numerical simulation results, however, showed that for
the same flow rate, the 10 pm diameter bead remained trapped.
Experimentally, the PPS weirs favored retaining beads of diameter 27 /m with a flow
rate of 8.33e-10 m3/s as shown in Figure 2-3. However, in the numerical simulations, the
PPS weir seemed unable to retain any of the beads apart from the 10 im diameter bead
with a flow rate of 8.33e-10 m3/s, as shown by the heat map in Figure 2-15.
The deviation in the experimental and numerical results was not unexpected. One possi-
ble reason for the deviation is that there are some noise and randomness in the experiments
while the numerical simulations are deterministic. Another likely reason for the differences
is that the experiments were done in an array of weirs and the simulation neglected effects
on the flow due to the presence of other weirs and beads. An escaped bead can collide
with another bead that is sitting in a weir downstream. The numerical simulations do not
include these interactions between the weirs in an array and the effects of multiple beads.
Another likely contributing factor which leads to the deviation in the experimental and
numerical results is the geometry of the weirs used in the simulations. The geometries
used to create the weir that were used in the numerical simulations were an approximation
from images of the weir. Even though these geometries should be a better approximation
than the as-designed weir, it is not certain how accurate these approximations are. This is
especially true for the case of the PPS weir.
While trying to create the 3D CAD model from the 2D outline of the weir geometry,
it was required to extrude the 2D outline at an angle. As the outlines were not the exact
geometries of the weir, it was not geometrically feasible to to create a side-wall angle of 760
for the entire weir given the 2D outline. With several approximations and assumptions, some
geometrically feasible CAD models were generated. However, with each approximation, the
CAD models obtained looked slightly different from each other and there was no clear
accuracy metric. The CAD models for the PPS weir can be seen in Figure 2-19. The
current PPS weir geometry, shown in Figure 2-19b, used to run the numerical simulation
was picked based on its resemblance to the actual PPS weir.
(a) (b)
(c) (d)
Figure 2-19: (a) and (b) uses a similar footprint for the upper and bottom surfaces. They
differ by (a) having a sidewall angle of 760 for the rectangular side while (b) has a sidewall
angle of 760 along center of the weir. (c) has a sidewall angle of 76' all round but has a
slight protrusion along the line of symmetry for the bottom surface. (d) has a sidewall angle
of 780 and the features of the upper surface are too sharp.
These factors, as mentioned above, could individually or collectively contribute to the
deviation in the experimental and numerical results.

Chapter 3
Force and Torque Analysis
In the experiments carried out by Taff, it was observed that when the beads escape from
the weir, there were two modes of escape. The first mode is 'Around The Side' (ATS),
where the bead paths around the side of the weir. This mode of escape typically occurs for
beads of smaller diameter, such as 10 jm. A series of images showing this escape mode can
be found in Chapter 2, Figure 2-4. The second mode of escape is called 'Over The Top'
(OTT), where the bead rolls over the top of the weir. The mode of escape typically occurs
for beads of larger diameters, such as 40 pm.
Since the goal of this thesis is to find good weir designs that would improve the ability of
the microfluidic weir to retain beads, further studies on the forces and torques that resulted
in these modes of escape are useful. Microfluidic weir designers can then identify the
geometries and parameters which caused the forces and torques that made the bead escape.
Therefore, this study gives insights that may enable the designer to develop improved weir
designs.
The results of the numerical simulations, as discussed in Chapter 2, Section 2.2.3, showed
that the Stokes solver was able to simulate the two modes of escape seen in the physical
experiments.
3.1 Orientation and Setup
As this Chapter includes plots of the hydrodynamic forces and torques acting on the bead,
it is important to understand the coordinate orientation. The orientation of the coordinate
axes with respect to the weir is as shown in Figure 3-1. Figure 3-2 shows the directions of
the positive forces and torques acting on a bead.
Figure 3-1: Orientation of coordinates with respect to the weir.
The bead was placed such that it is sitting on the substrate floor at the start of the
simulation. The y-coordinate of the bead was assumed to be zero, meaning that the bead
started on the plane of symmetry of the weir. The x-coordinate was chosen such that
the bead was placed as deep inside the mouth of the weir as possible. A more detailed
explanation of the coordinates of the starting position of the bead can be found in Section
2.2.3.
Since the SU-8 weir outperforms the PPS weir as mentioned in Section 2.1.2, the focus
for the force and torque analysis will be the SU-8 weir.
3.2 Around The Side (ATS)
The main characteristic of the ATS mode of escape is that the bead escapes from the weir
by pathing around the side of the weir. This mode of escape typically occurs for smaller
beads, such as those of 8 pm diameters, and faster volumetric flow rates (e.g. Q = 8.33e-10
m3/s and 2.08e-9 m3/s). Figure 3-3 shows the path taken by a bead escaping via the ATS
mode.
Fz
Figure 3-2: A picture of the a bead with all the directions of the positive forces and torques
acting on it.
Figure 3-3: An isometric view of the bead escaping by pathing around the side of the weir.
The asterisk marks the starting point of the bead.
The path taken by the bead when it escapes via the ATS mode can be analyzed in three
phases. The phases will be named as Phase I, II and III in the thesis. Figure 3-4 shows the
segmentation of the path into the different phases.
Figure 3-4: A top view of the microfluidic weir with the bead escaping via the ATS mode.
The path is segmented into three phases as shown. The asterisk marks the starting position
of the bead. The black 'x's mark the instances between the phases.
The paths taken by a 8 pm bead for Q = 8.33e-10 m3 /s and Q = 2.08e-9 m
3 /s are
similar, as shown in Figure 3-5. The major difference lies in the former escaping from the
negative y-side and the latter escaping from the positive y-side.
In the following explanations for the phases, the analysis focuses on the case when Q =
8.33e-10 m 3 /s as the time scale is longer and hence easier for analysis. In addition, due to
the similarity in the paths, the forces and torques studied for the 8.33e-10 m
3 /s flow rate
should still be applicable to the Q = 2.08e-9 m3 /s case.
(a) Diameter = 8 pm, Q = 8.33e-10 m3 /s
Figure 3-5: A top view of the ATS mode for two flow rates. The paths are nearly mirror
images of one another through the plane of symmetry.
3.2.1 Phase I
Phase I of the ATS mode of escape starts with the bead sitting as deep as possible within
the mouth of the weir initially. The general motion of the bead during this phase is the
bead moving significantly in the negative x-direction.
Plots of the x-coordinate of the bead with respect to xo, xpos, against time, as shown
in Figure 3-6, show that the bead moves in the negative x-direction from the start of the
simulation. Referring to Figures 3-7 and 3-8, from time t = 0 to t = 1.523 s, although
the hydrodynamic force on the bead in the x-direction, Fx was predominantly a positive
direction force, the velocity of the bead in the x-direction, u, was always negative in this
period. The magnitude of u does not decrease as well and even increases at times, such as
t = 0.1516 s. This implies that there were collisions during this period. As the bead moved
backwards and hardly along the y-direction from the start of the simulation, these collisions
were collisions with the substrate floor.
A plot of the z-coordinate of the bead with respect to zo, zpos, as shown in Figure 3-9,
shows some collisions with the substrate floor. Hence, within this period, the main force
that drove the bead to move backwards were due to the bead's collision with the substrate
floor. The collision detection for the Stokes solver is inexact and allows slight penetration,
hence zp,, could be very small negative values.
From the time t = 1.523 s to t = 5.171 s, Figure 3-9 shows that the bead is sitting on
the substrate floor. Fx and u within this period are all negative as shown in Figure 3-7 and
3-8 respectively. This means that the hydrodynamic force was pushing the bead backwards
(b) Diameter = 8 jm, Q = 2.08e-9 m3/s
En0(~
Figure 3-6: The plot of xpo, against time in Phase I. The xpos plotted here is with respect
to the x-coordinate of the starting position, xo. The green square on the left marks the
instance when there were no more collisions with the substrate floor. The green square on
the right marks the instance when Phase I ends.
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Figure 3-7: A semi-log plot of F, against time in Phase I. The blue triangles denote positive
values and the red asterisks denote negative values. The green square on the left marks the
instance where then were no more collisions with the substrate floor. The green square on
the right marks the instance when Phase I ends.
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in this period. This would suggest that there was some recirculation within the mouth of
the weir to cause the hydrodynamic force to push the bead in the negative x-direction.
Referring to Figure 3-10 and 3-11, the hydrodynamic torque acting on the bead in the
y-direction, Ty, is positive in this period but the angular velocity of the bead in the y-
direction, wy, is negative in this period. That is, the bead is rolling along the substrate
floor, due to friction.
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Figure 3-10: A semi-log plot of ry against time in Phase I. The blue triangles denote positive
values and the red asterisks denote negative values. The green square on the left marks the
instance when there were no more collisions with the substrate floor. The green square on
the right marks the instance when Phase I ends.
Referring to Figure 3-8, at t = 5.171 s, there was a sudden decrease in the magnitude
of u in the negative x-direction. Figure 3-7 shows that after a period of predominantly
negative Fx, there is a large positive F, at t = 5.171 s. Figure 3-12 shows a top view plot
of the bead in the weir at t = 5.171 s. A part of the bead has just moved beyond the tip
of the mouth. The red line demarcates the tip of the mouth of the SU-8 weir and part of
the bead moves slightly beyond that line. This instant marks the end of Phase I as it was
noted from the overview of the path of the bead, in Figure 3-4, that after this instant, the
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Figure 3-11: A semi-log plot of wy against time in Phase I. The blue triangles denote positive
values and the red asterisks denote negative values. The green square on the left marks the
instance when there were no more collisions with the substrate floor. The green square on
the right marks the instance when Phase I ends.
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bead tended to move along the y-direction significantly while xpo, does not change much.
(a) Overall top view of the weir and bead.
(b) Detail of the bead in the weir
Figure 3-12: The position of the bead at the end of Phase I and start of Phase II. The red
line demarcates the tip of the mouth of the weir. The bead was moving from the right to
the left. A part of the bead is slightly beyond the red line.
3.2.2 Phase II
Phase II of the ATS mode of escape begins when the bead experiences a large positive value
Fz after rolling backwards from its starting position. A picture of the beginning of Phase
II is shown in Figure 3-12. After this instant, the bead starts to show significant movement
along the y-direction as shown in Figure 3-4.
From t = 5.171 s (the end of Phase I) to t = 7.622 s, the bead continues rolling in
I
the negative x-direction. Figures 3-13a and 3-13b show that u and Fx are both negative
during this phase. Figure 3-14a and 3-14b showed that the bead is rolling, mainly due
to the frictional force as the angular velocity in the y-direction, wy, is negative but the
hydrodynamic torque, ry, is positive.
Figure 3-15b shows the value of the hydrodynamic force in the y-direction, Fy, between t
= 5.171 s to t = 7.622 s. Although there are some fluctuations in the direction of Fy during
the period, at t = 5.171, Fy is large and negative, causing the bead to change directions
and more in the negative y-directions. At this time, the bead encountered a large F, as
well. Figure 3-15a shows that during the period, v was predominantly negative and nearly
an order below that of u in magnitude. Figure 3-16 shows that w, is positive in this period,
as the bead rolls along the negative y-direction. However, w, was about one order below
Wy in magnitude. This means that the velocities and angular velocities in the x-directions
are dominant.
From t = 7.622 to t = 17.037, the bead oscillates around the middle of the mouth of the
weir, but generally moves in the negative y-direction as shown in Figure 3-17. Figure 3-18a
shows that the angular velocity in the y-direction, wy, changes from negative to mostly
positive from t = 7.9004 s onwards. The hydrodynamic torque in the y-direction, Ty, is
all positive as shown in Figure 3-18b. This means that the bead that was initially rolling
backwards, is now causing the bead to roll forward slightly. The velocity of the bead in the
x-direction, u, is negative but it is decreasing in magnitude as shown in Figure 3-19. The
decrease in the negativity of u causes frictional force in the positive x-direction to decrease.
The decrease in the frictional force in the positive x-direction results in less negative y-
direction torque to act on on the bead. With less negative y-direction torque (caused by
decrease in frictional forces) to act on the bead, the positive hydrodynamic torque in the
y-direction drives the bead to roll in the positive y-direction.
Figure 3-20 shows that in this period, the velocity of the bead in the y-direction, v, is
mostly negative. In addition, the magnitude of v remains nearly constant during this period
while the magnitude of u starts to decrease. The magnitude of v is more than that of u
This means that the movement of the bead in the y-direction is beginning to become more
significant.
From t = 17.037 s to t = 36.878 s, v was observed to be negative value as shown in
Figure 3-22. Although there were a few positive values of Fy as shown in Figure 3-21, Fy
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Figure 3-13: Semi-log plots of u and F, against time from t = 5.171 s to t = 7.622 s in
Phase II for (a) and (b) respectively. The blue triangles denote positive values and the red
asterisks denote negative values. The green square on the left marks the start of Phase II.
the green square on the right marks the instance when the bead starts to show significant
movement along the y-direction.
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Figure 3-14: Semi-log plots of wy and r7 against time from t = 5.171 s to t = 7.622 s in
Phase II for (a) and (b) respectively. The blue triangles denote positive values and the red
asterisks denote negative values. The green square on the left marks the start of Phase II.
the green square on the right marks the instance when the bead starts to show significant
movement along the y-direction.
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Figure 3-15: Semi-log plots of v and F. against time from t = 5.171 s to t = 7.622 s in
Phase II for (a) and (b) respectively. The blue triangles denote positive values and the red
asterisks denote negative values. The green square on the left marks the start of Phase II.
the green square on the right marks the instance when the bead starts to show significant
movement along the y-direction.
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Figure 3-16: A semi-log plot of w, against time from t = 5.171 s to t = 7.622 s in Phase II.
The blue triangles denote positive values and the red asterisks denote negative values. The
green square on the left marks the start of Phase II. the green square on the right marks
the instance when the bead starts to show significant movement along the y-direction.
(a) Overall top view of path of the bead and the
weir
(b) Detail of the path when it oscillates at the
center.
Figure 3-17: A top view of the path of the bead in the weir. The bead generally moves in
the negative x and y direction within the period stated.
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Figure 3-18: Semi-log plots of wy and ry against time from t = 7.622 s to t = 17.037 s
in Phase II for (a) and (b) respectively. The blue triangles denote positive values and the
red asterisk denotes negative values. The green squares mark the interval where the bead
oscillates around the center of the weir.
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Figure 3-19: A semi-log plot of the u against time from t = 7.622 s to t = 17.037 s in Phase
II. The blue triangles denote positive values and the red asterisks denote negative values.
The green squares mark the interval where the bead oscillates around the center of the weir.
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Figure 3-20: A semi-log plot of the v against time from t = 7.622 s to t = 17.037 s in Phase
II. The blue triangles denote positive values and the red asterisks denote negative values.
The green squares mark the interval where the bead oscillates around the center of the weir.
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was mostly negative values. Therefore, the hydrodynamic force was driving the bead in the
negative y-direction during this period. For the few instances where F. is positive (i.e. at
t = 20.875 s, 23.875 s, 24.063 s, 28.240 s, 33.822 s), they corresponded to a deceleration in
u in the next time step, hence there was no collision in this period.
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Figure 3-21: A semi-log plot of Fy against time from t = 17.037 s to t = 36.878 s in Phase
II. The blue triangles denote positive values and the red asterisks denote negative values.
The green squares mark the interval when the bead start rolling significantly along the
y-direction. The time instances for positive values of F. are shown.
The value for w, is positive for the entire period between t = 17.037 s to t = 36.878 s as
shown in Figure 3-23a. However, r7 is mostly positive as shown in Figure 3-23b. Frictional
force, caused by the translation along the negative y-direction mentioned above, caused the
bead to roll along the negative y-direction. Hence, the bead was rolling and translating in
the negative y-direction in this period.
The instant at t = 36.878 s marks the end of Phase II and the start of Phase III. This
instant was chosen as the boundary because it was at this moment that the bead collided
with the wall of the weir as shown in Figure 3-24.
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Figure 3-22: A semi-log plot of v against time from t = 17.037 s to t = 36.878 s in Phase
II. The blue triangles denote positive values and the red asterisks denote negative values.
The green squares mark the interval when the bead start rolling significantly along the
y-direction. The time instances that were marked in Figure 3-21 are shown here as well to
show that u decelerates at these instances.
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Figure 3-23: Semi-log plots of w, and Tx against time from t = 17.037 s to t = 36.878 s in
Phase II for (a) and (b) respectively. The blue triangles denote positive values and the red
asterisks denote negative values. The green squares mark the interval when the bead start
rolling significantly along the y-direction.
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Figure 3-24: A top view of the bead colliding with the wall of the weir at the end of Phase
II. The time of the collision is 36.878 seconds.
3.2.3 Phase III
Phase III of the ATS mode of escape starts with the bead colliding with the wall of the weir
as shown in Figure 3-24. In this phase, the bead generally collides against the wall of the
weir and rolls along the wall as well to path its way out of the mouth of the weir. It then
paths around the side to escape.
In the 8 pm bead, 8.33e-10 m3/s flow rate case, this collision is at t = 36.878 s. Many
collisions occur during this phase but they could be grouped into four series of collisions'
as shown in Figure 3-25. The four series of collisions can be seen clearly when looking at
a plot of F, against time as shown in Figure 3-26. When the series of collisions occur, the
points on the plots in these periods cluster together.
The first series of collisions begins at the start of Phase III, at t = 36.878 s. It ends at
t = 37.0246 s. At the next time step, t = 36.878314 s, there is a large positive F, as shown
in Figure 3-26. Since a collision occurred just before this instant, this positive F, is a result
of the collision. The likely reason for this was that the bead has a huge momentum after
traveling in the negative y-direction during Phase II. With this momentum, the rebound
force from the initial collision accelerated the bead in the negative x-direction significantly
(a) Overall top view of the ATS mode of escape.
Figure 3-25: The 'x's mark the start and end of the series of collisions in Phase III. The
end of the fourth series is not shown here.
Hydrodynamic Force in x vs. time
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Figure 3-26: A semi-log plot of F, against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
(b) Detail of the path during Phase III.
t
due to the orientation of the bead and the wall of the weir. This sudden acceleration due
to the rebound force causes a significant drag force on the bead, hence showing up as the
large positive F_ at the next time step. The sudden acceleration can be noted Figure 3-27
where there is a sharp increase in u in the very small time step.
Velocity in x vs. time
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Figure 3-27: A semi-log plot of u against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
Plots of Fy against time, as shown in Figure 3-28, show that Fy is approximately the
same magnitude as F, at one time step after the start of Phase III. However, it is a negative
value. The likely reason for it to be large and negative is similar to that of the hypothesis
for the large and positive F, mentioned in the earlier paragraph. The sudden acceleration
of the bead in the positive y-direction, as shown by the sharp increase in v in a very short
span of time in Figure 3-29, caused significant drag force to act on the bead in the negative
y-direction. A detail of the path of the bead in this period when the first series of collisions
occur is shown in Figure 3-31a.
The bead collides with the weir multiple times as it leaves the mouth of the weir during
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Figure 3-28: A semi-log plot of Fy against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
* Negative
2nd series
|||
.5 P
Velocity in y vs. time
... ... ... ... ... .. .. ... . .  . . . .. . .. .. ... .. . .... N eg.. .tiveeg a iv
... .. . . . . . . .. .. . .  .. . . .. . . . . ....  .I . . P o s itiv e
.............. ....36 8 8 4
. .. .7 77 .. .. .. 7. .. .7 .. .. .7 .. .. .. 7. .7 .. .. 7 .7
. .. .. ... .. .. ..... . , : : : : : : : : : : : : .'. : : . W . .. .. ..
37 37.5 38 38.5 39 39.5 40 40.5
Figure 3-29: A semi-log plot of v against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
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the second and third series of collisions. The second and third series of collisions occurred
between t = 37.0246 s to t = 37.4814 s and t = 38.0042 s to t = 38.2443 s respectively. In
these periods, there was no F. and Fy that was significantly larger at one instant than the
other instances like the first series of collisions as shown in Figure 3-26 and 3-28 respectively.
This was because the bead could not build up momentum like it did during Phase II, hence
the forces from the collision in the second and third series would not accelerate the bead
like it did at the first collision in the first series. A detail of the path of the bead during
the second and third 'series of collision' is shown in Figure 3-31b and 3-31c respectively.
The bead touches the tip of the mouth of the weir at the instant t = 38.859 s. The
position of the bead in the weir at this instant is shown in Figure 3-30. This instant lies
within the period of the fourth series of collisions. Similar to the second and third series,
there was no F, or F. that were significantly larger at one instant than the other instants.
However, the duration of the fourth series is much longer than any of the other series of
collisions. A zoom in on the path of the bead, which includes the time that the bead is at
the tip of the mouth of the weir is shown in Figure 3-31d.
Figure 3-30: A top view of the bead at the tip of the mouth of the weir, at t = 38.859 s.
Referring to Figure 3-32, although the torque caused by the hydrodynamic forces in the
z-direction, rz, were mostly negative, Figure 3-33 show that wz was positive most of the
time during Phase III. The torque that caused the bead to spin in the positive z-direction
(a) 1st series (b) 2nd ser
(c) 3rd series (d) Bead at t
Figure 3-31: Details of the various series of collisions.
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he tip
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t=37.0246 s
t=36.8783 s
x
came from the collision forces and the frictional force when the bead rubs against the wall
of the weir when it moves towards the tip of the mouth of the weir.
Hydrodynamic Torque in z vs. time
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Figure 3-32: A semi-log plot of -, against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
The bead scales the wall of the weir slightly during Phase III. Figure 3-34a shows the
value of zpo,,, during Phase III. The bead does leaves the substrate floor for a short duration,
reaching a maximum height of 2.251 e-7 m. It is still two orders of magnitude below that
of the common values for xpos or ypos. The slight elevation would barely be observable by
looking at an overall view of the path of the bead. From Figure 3-34a and Figure 3-34b,
the periods that the bead leave the substrate floor correspond to the periods when r, was
dominantly positive. This means that the bead actually rolled up the walls of the weir
slightly when the torque caused by the hydrodynamic force is positive. From t = 38.8569 s
to t = 39.0046 s, Trx is negative and yet zpo,, increases. This is because after t = 38.8569 s,
the bead has already left the tip of the mouth of the weir as shown in Figure 3-35, hence a
negative -x, instead of a positive T-x, causes the bead to roll up the wall.
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Figure 3-33: A semi-log plot of w, against time for Phase III. The blue triangles denote
positive values and the red asterisks denote negative values. The green squares mark the
intervals where the series of collisions occur in Phase III. The black 'x' marks the instant
when the bead is at the tip of the mouth of the weir.
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Figure 3-34: Semi-log plots of zpo,, and -r against time for Phase III for (a) and (b) re-
spectively. The blue triangles denote positive values and the red asterisks denote negative
values. The green squares mark the intervals where the series of collisions occur in Phase
III. The black 'x' marks the instant when the bead is at the tip of the mouth of the weir.
2 nd series
10"
* Negative
I ' Postive
2 nd series i
102
1062
40
36.5
I_m
xx 10
7
J • I
,
(a) zpos,,, vs. t
i
-·
I'." '.',"
t
L=o30..oD .5,
(a) Overall top view of the weir and bead. (b) Detail of the bead out of the mouth.
Figure 3-35: The bead is out of the mouth of the weir, at t = 38.9918 seconds.
The ATS mode of escape is segmented into three phases. The bead rolls backwards in
the negative x-direction to the center of the weir in Phase I. It then translates and rolls in
the y-directions in Phase II. Phase III starts with the bead colliding with the wall of the
weir. The bead generally collides against the wall of the trap and rolls along the walls as
well to path its way out of the out of the trap.
T7'--7' ---,
3.3 Over The Top (OTT)
The main characteristic of the OTT mode of escape is that the bead escapes from the weir
by rolling over the top of the weir. This mode of escape typically occurs for larger beads,
such as those of 19-40 ,pm diameters. It was noted in Chapter 2, Section 2.2.4 that for the
beads that have radiuses that are less than the height of the weir can escape by rolling over
the top as well. Figure 3-36 shows the path taken by a bead that had escaped via the OTT
mode of escape.
Figure 3-36: An isometric view of the bead escaping by rolling over the top. The asterisk
marks the starting point of the bead.
From Figure 2-17 in Chapter 2, it can be seen that the OTT mode of escape occurs
for a wide range of bead diameters. The mechanisms behind the OTT mode of escape are
generally the same for all the bead diameters, hence only a detailed analysis of a 17 pm
diameter bead with a flow rate of 8.33e-10 m3/s will be carried out.
Using the 17 pm diameter bead as an example, the bead scales up the wall of the weir
from the start of the simulations as shown in Figure 3-37. From Figure 3-38, there is at
significant increase in xpo after t = 1.5346 s. The center of the bead is noted to be above
the wall of the wall of the weir at this instant as shown in Figure 3-39. Before t = 1.5346,
the y-direction torque caused by the hydrodynamic forces, rT, are mostly positive values
as shown in Figure 3-40a. The angular velocity of the bead in the y-direction, wy, is only
negative at two time instances, as shown in Figure 3-40b. Apart from these two instances,
Wy is positive the rest of the time. This meant that the hydrodynamic forces were causing
the bead to roll up the weir from the start of the simulation to t = 1.5346.
0
NP
Figure 3-37: A semi-log plot of zpo,, against time for OTT. The blue triangles denote positive
values and the red asterisks denote negative values. The green square marks the time the
center of the bead is above the height of the weir.
Apart from rolling, collisions with the wall were also significant in the OTT mode of
escape. Looking at Figure 3-41a and 3-41b, there are many instances where there were
sudden spikes in Fx and u, for example, at t = 0.3078 s and t = 0.7417 s. Since u was
positive prior to these instances, therefore the bead accelerated in the negative x-direction.
F., however, was positive at one time step before t = 0.3078 s and t = 0.7417 s. It is
concluded that the bead must have collided with the wall of the weir. Figure 3-42 shows a
detail of the path of the bead with those time instances. The path shows that the bead has
multiple collisions with the wall as well.
After t = 1.5346, the center of the bead is above the wall of the weir. The bead collides
with the top edge of the weir. It rolls over the edge as well, pathing out of the mouth of
the weir, escaping over the top of the top of weir.
I rx 1I Poito in x vstm
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Figure 3-38: A semi-log plot of xpo, against time for OTT. The blue triangles denote positive
values and the red asterisks denote negative values. The green square marks the time the
center of the bead is above the height of the weir.
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Figure 3-39: The center of the bead is above the wall of the weir, at t = 1.5346 s.
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Figure 3-40: Semi-log plots of r, and wy against time for the OTT mode of escape for (a)
and (b) respectively. The blue triangles denote positive values and the red asterisks denote
negative values. The green square marks the time the center of the bead is above the height
of the weir.
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Hydrodynamic Force in x vs. time
(a) F. vs. t
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Figure 3-41: Semi-log plots of F, and u against time for the OTT mode of escape for (a)
and (b) respectively. The blue triangles denote positive values and the red asterisks denote
negative values. The green square marks the time the center of the bead is above the height
of the weir.
88
...................................... .... .
S:::.:,: : : : :.:: . :: ! ...... .... .. I.........................  . ... .
... . ... . . ... ........ ...... . . . ...... . .... .. .. .... .. ... . .. . 
.. . . .. ... .. . . ... . .. ...... .... ... ... . .. . .. . . ....
..... . ... , . ... ... . . .. .. .. ..... .. .. ..... .. ... .. .... ... .. .. ..... .. .... . ..  . .... ... .. ....
.......~~~~~~~~~ ........... .....  .................................. .... .:  .. .... ... ... ... ..........
P o i i e .. ...... .. . . .... .. ...................  . ........ ..
.................................. ..  ....   ........ .. .. ................  .  .. .  ...... ............ . . . ...... .
---- --"---- --- ---. ..... ... .IF ......:::: .. 
.
.
.. . .
··· · · · · · · · ·.. ...... .  . ...
..............  ............. .................... I..... ... ....
............... .............. .......................... .... ........
I
Figure 3-42: Detail of the path of the bead from the side for the OTT mode of escape. The
blue asterisk marks the starting position of the bead. The black 'x's mark two instants that
the bead collided with the wall.
The bead generally torques its way over the top of the trap in the OTT mode. Apart
from rolling up the walls of the weir, the bead collides with the wall to escape out of the
top of the weir.
The mechanisms behind the two modes of escape are studied in detailed. Each mode
of escape is split into different time phases and analyzed. The bead has many dynamic
interactions with the substrate floor and the tip of the mouth of the weir for the ATS
mode of escape. On the other hand, the bead does not have any dynamic interactions with
the substrate floor for the OTT mode of escape as it leaves the floor from the start. The
dynamic interactions for the the bead, in the OTT mode, is mostly with walls of the weir
that are closer to the plane of symmetry.
t=0.7417 s
t=0.3078 s
tlX

Chapter 4
Design Exploration and
Surrogate-Based Optimization of
the BioMEM Microfluidic Weir
This chapter begins with the motivation for maximizing the area of stability for the microflu-
idic weir. It is then followed by an explanation of the problem setup and its assumptions.
The parameterizations of the weir geometry will be discussed. The parameters and vari-
ables of the visualization problem will be stated. A surrogate-based method is used for
design space exploration and optimization. A detailed explanation of the techniques used
to build the surrogate will be included in this chapter. One of the many possible response
surfaces produced by the surrogate is displayed with an interpretation of the visualized
plots. The results of the optimization problem will be shown and discussed. The chap-
ter concludes with a section using iso-surfaces to explore weir geometries that give similar
objective function values.
4.1 Motivation
In the experiments conducted by Taff, beads are placed into the mouth of the weirs by
allowing a cloud of beads to settle on the array of weirs from above. Therefore, the location
of the starting position of the bead in the weir is random. A possible starting position of
the bead is as shown in Figure 4-1. In order to maximize the ability of the weir to retain
the bead, the region of stability within the mouth of the weir must be maximized. With a
larger region of stability within the mouth of the weir, the chances that the starting position
of the bead being in this region is higher, hence increasing the likelihood that the bead will
remain trapped within the weir. The parameterizations for the weir and the problem are
introduced in the following section.
Figure 4-1: An image of a bead sitting in the mouth of the weir. Figure courtesy of Taff.
4.2 Weir and Problem Parameterizations
The objective of the design problem is to maximize the area of stability using the weir
geometry and flow rate. Therefore, the weir geometry has to be parameterized and the
description of the details for it are in Subsection 4.2.1.
Since the starting position of the bead is random experimentally, the starting position
of the bead is defined as a variable for the problem. A detailed description regarding the
starting position of the bead is in Subsection 4.2.2.
4.2.1 Parameterizations of Weir Geometry
The design space exploration and optimization for this thesis is only done for the SU-8 weirs
and not the PPS weirs because experimental results seems to suggest that the SU-8 weirs
perform better than then PPS weirs.
Analysis is focused on the weir aperture geometry, as it is expected to have the largest
effect on the bead stability when trapped. The back of the weir is described by a rectangle
with filleted corners. The dimension of the rectangle and filleted corners are fixed. The rest
of this subsection will focus on the parameterizations of the mouth of the weir.
In Section 2.2.1, it was mentioned that a smooth geometry of the weir was obtained by
fitting a spline at various sample points on the pixelated outline of the weir. The smoothed
outline with the spline was included in the creation of the CAD model of the weir. The
total number of spline points required to define that spline was 47. However, since the weir
is symmetrical along the x-axis, and one of the points lies along the line of symmetry, the
number of independent points to define the spline is 24. An outline of the weir geometry
with the spline points is shown in Figure 4-2. Instead of using this spline, another spline
which has 9 spline points was made. With a line of symmetry and one point lying along
it, the number of independent points required to defined the spline is five. The goal was to
use the 9 point spline to approximately fit the 47 point spline, hence reducing the number
of variables required to parameterize the weir.
Figure 4-2: The green line is the spline that was used to match define the mouth of the
SU-8 weir. There is a total of 47 spline points.
The coordinates of the end points of the spline were fixed as it must connect the mouth
of the weir to the rest of the weir. Referring to Figure 4-3, since SP1 must lie along the
line of symmetry, the y-coordinate of SP1 is fixed as zero. The x-coordinate of SP1 was
then defined as the variable b in the visualization problem. The x-coordinate of SP3 was
assumed to be fixed and the y-coordinate of SP3 was then defined as the variable a.
When the values of a and b are specified, the coordinates of SP1 and SP3 are defined.
A parabola is fitted between SP1 and SP3. The parabola is fitted such that SP1 is the
vertex of the parabola. SP2 was then defined as a point along the parabola such that the
SP5
SP4
Figure 4-3: Only points along and above the line of symmetry is shown here. SP1 to SP5
are the various spline points used to defined the 9-point spline in green.
ratio of the arc length between SP1 and SP2 to the arc length between SP1 and SP3, rl,
is 0.5. The method used to define SP4 was similar to how SP2 was defined. A parabola is
fitted between SP3 and SP5 where SP3 is the vertex of the parabola. SP4 is then defined
as a point along the parabola such that the ratio of the arc length between SP3 and SP4
to the arc length between SP3 and SP5, r2, was 0.7. Figure 4-4 shows a summary of how
SP2 and SP4 were defined using a and b. Table 4.1 summarizes the definitions of the x and
y coordinates of the 5 spline points.
Table 4.1: A summary for the definitions of SP1 to SP5.
Point x-coordinate (m) y-coordinate (m)
SP1 b 0
SP2 Arc length from SP1 to SP2 = 0.5Arc length from SP1 to SP3
SP3 5.8234e-7 a
SP4 Arc length from SP3 to SP4 = 0.7Arc length from SP3 to SP5
SP5 2.764286e-5 2.457143e-5
Values of ri and r2 were first chosen so that the 9-point spline matches well to the
a
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Figure 4-4: A first parabola fit between SP1 and SP3, then a second one between SP3 and
SP5. The comments on SP2 and SP4 describe how they are defined along their respective
parabolas.
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47-point spline for a = 1.2704350e-05 m and b = 1.3196100e-05 m. Once the values of rl
and r2 are obtained, they were parameters in the problem. Hence, the geometry of the weir
is defined by variables as shown in Figure 4-5. Figure 4-6 shows a comparison between the
weir geometries generated by defining only a and b and that of the 47-point spline.
Figure 4-5: The geometry of the weir is defined by two parameters - a and b.
Upper and lower bound values of a and b were then picked to ensure that the weir geom-
etry generated remained within a rectangular box encompassing the whole weir as shown
in Figure 4-7. Boundary values were chosen to produce weirs that were manufacturable.
The upper and lower bounds of a were set as 1.74048e-05 m and 3.7569365e-06 m respec-
tively. The upper and lower bound of b were set as 5.4397220e-05 m and 5.6469206e-06 m
respectively. Figure 4-8 shows the various weir geometries for the boundary values of a and
b.
4.2.2 Determination of start position
In Section 2.2.3, it was stated the z-coordinate of the starting position of the bead is half
that of the bead diameter. The y-coordinate was set as zero and the bead was placed as
deep as possible within the mouth of the weir. The setup for the coordinate of the starting
position of the bead for the visualization problem was similar but there were some notable
differences. The z-coordinate of the starting position of the bead was still half that of the
bead diameter. Since the diameter of the bead was fixed as 8 pm for the visualization
Line of Symmetry
Figure 4-6: A comparison between the 47-point spline with green squares and the 9-point
spline with red asterisks. The 9-points spline fits reasonably well to the 47-point spline.
Figure 4-7: A top view of the weir. The red box denotes the boundaries where no part of
the weir should be out of it when different weir geometry parameters vary.
(a) small a, small b (b) small a, large b
(c) large a, small b (d) large a, large b
Figure 4-8: The various weir geometries that were obtained using the upper and lower
bounds of a and b.
problem, z0o was then set as 4e-6 m. The value of yo was no longer assumed to be zero.
Instead, yo took on a range of values that to simulate the experiments. Based on the
geometry of the weir and the value of yo, xo was determined by finding the maximum value
xo can take such the bead is touching the walls of the weir. Figure 4-9 shows some of the
possible values yo can take and the corresponding xo values for a given weir geometry.
The boundary values of the volumetric flow rate, Q, were chosen as the slowest and
fastest volumetric flow rates used in the experiments as mentioned in Section 2.1.1. Hence,
the upper bound of Q was defined as 2.08e-10 m 3/s and the lower bound was 1.67e-10
m3 /s. As mentioned in the previous subsection, the lower and upper bounds of a and b,
were [3.7569365e-06 m, 1.74048e-05 m] and [5.6469206e-06 m, 5.4397220e-05 m] respectively.
Images of the various weir geometries for the boundary values of a and b can be found in
Figure 4-8. The lower bound of yo was zero. The upper bound was defined as 1.8e-5 m. The
value of the upper bound of yo has to be larger than the upper bound of a. Computational
resources were the sole reason why a value much higher than the upper bound of a was
not chosen. It is recommended that future work could be done with a higher upper bound
value for yo. Tables 4.2 and 4.3 give a summary of the parameters and boundary values of
the variables respectively.
Table 4.2: Table of parameters
Parameter name Symbol Units Value
Bead diameter ¢ m 8e-6
SP2 parameter rl N.A 0.5
SP4 parameter r2 N.A 0.7
z-coordinate of starting position zo m 4e-6
Table 4.3: Table of variables
Variable name Symbol Units Lower bound Upper bound
Vertical length of mouth a m 3.7569365e-06 1.74048e-05
Horizontal length of mouth b m 5.6469206e-06 5.4397220e-05
Volumetric flow rate Q m3 /s 1.67e-10 2.08e-9
The end-time for the simulation was chosen based on the table of results from Section
2.2.4. Referring to Tables 2.1, 2.2, 2.3, 2.4 and 2.5, most of the beads that had escaped
required less than a simulated duration of 30 s. The only exception was the the 8 pm bead
yo= 5.e-6m
(a) yo = 5.80e-6 m
(b) yo = 1.35e-5 m
(c) yo = 2.03e-5 m
Figure 4-9: Some possible starting position for the same weir geometry.
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with 8.33 m3/s flow rate. The simulated duration required for that escape to happen was
40.15545718 s. As the computational time would increase considerably if the simulated time
was increased to 50 s, the end-time for the simulation was set as 30 s and the path of taken
by the bead for each simulation was checked manually. The simulations were carried out
again with a longer simulated duration if the path of the bead looked as though it had a
chance of escaping.
The starting positions of the bead simulate possible starting positions of the bead. As
Yo is the variable that defines the starting position of the bead, there is a certain value of
yo such that if yo is above this value, the bead will escape out of the weir but if yo is below
this value, the bead will remain trapped in the mouth of the weir. This value is defined as
ycrit. Figure 4-10 illustrates the definition of yrit.
Figure 4-10: (a) is the path taken by a bead that when yo is more than yrit while (b) is
the path taken by a bead when yo is less than ycrit.
The value, Ycrit, is dependent on the weir geometries and flow rates. Since the objective
of the problem is to maximize the ability of the weir to retain the bead by varying the weir
geometry and flow rate, ycrit fits nicely as a measure of this ability. Therefore, the design
problem is
max ycrit
a,b,Q
4.3 Methodology
The minimum time step size was le-5 s and the maximum was 1 s. Running on a Dual-Core
AMD Opteron (64 bit) 2.4GHz workstation with 1Mb of cache, 4Gb of RAM and 250 Gb
of disk-space, a typical simulation with a simulated duration of 30 s took about 1 day on
average. The time required for the simulation to terminate is much longer when the number
of collisions is large. Given that the focus of this study required the bead to be in the weir
and sitting on the substrate floor, the number of collisions in the simulation is usually very
large.
It was impractical to attempt to find ycrit using a bisection method for yo for the range
of a, b and Q. In order to carry out the design space exploration and optimization, a
surrogate of the simulation was built. The design space exploration and optimization was
carried out using the computationally cheaper surrogate. The Halton Sequence was used to
generate well distributed sample points in the hyper-space of a, b, Q and yo. After obtaining
the results of the sample points, the Support Vector Machine (SVM) algorithm was used
to build the surrogate model. Details on the implementations of the Halton Sequence and
SVM will be discussed in the subsections 4.3.1 and 4.3.2 respectively.
4.3.1 Halton Sequence
The Halton Sequence is a quasi-random number sequence [22] [27] [23]. It is a m-dimensional
generalization of the van der Coupet sequence. It is frequently used to generate the sample
points in space for Monte Carlo simulations. Even though the Halton sequence is a deter-
ministic sequence, it has low discrepancy. The sequence is generated using an algorithm
which uses a prime number as the base.
Assume that the number of dimensions of the problem is m and the number of sample
points required is n. The method generates m one-dimensional sequences of length n. Their
sequences are used to generate the sample points that span the m-dimensional hyperspace
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later. Each one-dimensional sequence is based on a prime number, pi, i E [1, m]. Usually,
pl to Pm are the first m prime numbers. Denote the jth entry of a sequence of base pi by
sij. sij can then be evaluated with the number j, j E [1, n], and the base number, pi. j is
first changed from being in base 10 to base Pi using Equation (4.1).
j = ao + pial + pia2 + Pia3 + .. ., [1, m],j [1,n] (4.1)
.. [j]10 = [ao al a2 a3 .. ]pi
sij is then evaluated using Equation (4.2).
ao al a2 a3
s -- + -+ + - ... (4.2)Pi P? Pi Pi
Since i and j range from 1 to m and 1 to n respectively, there will be m sequences, each
of length n. The numbers that share the same order in each sequence will then be grouped
together in a vector. In doing so, there will be n vectors, each of length m which acts as
sample points in the hyperspace of m dimensions. The following example will clarify the
algorithm involved to generate the sequence.
Assume that the number of dimensions for a certain problem is only 2 and the interval
of interest for each dimension is between 0 and 1. The number of sample points required is
9. The two one-dimensional sequences will then be of base 2 and 3, each of length 9. Using
Equations (4.1) and (4.2), the sequences are:
1 1 3 1 5 3 7 1 9 for the sequence of base 212' 41 ' '8' 8' 8' 8' 16' 16
1 2 1 4 7 2 5 8 1 for the sequence of base 3
3' 3' 9' 9' 9' 9' 9' 9' 27
The numbers in the sequences that have the same order number will be placed together.
Therefore, the sample points will be:
For the design problem, the number of dimensions is 4. The number of sample points
chosen was 50. The number of sample points chosen was based on the fact that the number
of dimensions is relatively small. The number of sample points required would increase if the
results show that the surrogate built on these 50 sample points does not represent the real
model closely. Although other quasi-random number sequences, such as the Hammersley
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Sequence, have lower discrepancy, additional sample points will destroy the low discrepancy
property. On the other hand, the Halton Sequence has higher discrepancy but additional
points can be added without destroying the sequence properties.
Therefore, unless the number of sample points required is known a priori, it is better to
use the Halton Sequence than the Hammersley Sequence. This is of particular importance to
the current problem. As mentioned earlier, additional points will be added if the surrogate
built by the 50 sample points does not represent the real model closely. If the Hammersley
Sequence was used to generate the sample points instead, the new set of sample points
will be completely different from the set of 50 generated initially. Conversely, if the Halton
Sequence was used, the simulation results that came from the first 50 runs could still be
used in addition with new, say 20 more, sample points generated. The simulations using
the Stokes solver are computationally expensive. Hence, using the Halton Sequence would
be less computationally expensive if additional points were required.
4.3.2 Support Vector Machines
Support Vector Machines (SVM) are a class of supervised learning algorithms used for
classification and regression problems [5][11][10]. SVM belong to a generalized family of
linear classifiers. Algorithms that are able to separate points, represented by a vector of
length m, into two categories by means of a m - 1 dimensional hyperplane are known as
linear classifiers.
For simplicity in explaining the algorithm, assume that the points in the hyperspace have
only two classes and can be separated by a hyperplane. There could be many hyperplanes
that can separate the two classes of data. However, there will only be one hyperplane that
not only separates the points into two classes, but will maximize the Euclidean distance
between itself and the nearest point from each of the two classes. Such a hyperplane is
known as a maximum-margin hyperplane and the goal of SVM are to find the maximum-
margin hyperplane if such a hyperplane exists. Hence, SVM are also known as maximum
margin classifiers.
Mathematically, given some training data, F = {(f, ci)l j E Rm , ci E {-1, 1}}, i E 1,
n}, the goal is to first find a hyperplane that divides the those points which have ci=1 from
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those that have ci=-1. The equation of a hyperplane is given as (4.3).
3. - b -0, *, fE Rm, b E R (4.3)
3 is a vector that is normal to the hyperplane. T-7 is the Euclidean distance of the
hyperplane from the origin along the direction of the vector W'. Another parallel hyperplane
can be added and the objective is to maximize the Euclidean distance between these two
parallel hyperplanes. The equation for these two parallel hyperplanes can be written as
(4.4) and (4.5).
S- - b = 1 (4.4)
.-X-b= -1 (4.5)
Clearly, the Euclidean distance between these two hyperplanes is given by 2 . Hence,
the objective is to minimize 1141. For the Euclidean distance between the two parallel
hyperplanes to be the maximum, it is required that one of these hyperplanes come into
contact with at least m points that belong to one class and the other hyperplane comes
into contact with at least 1 point that belongs to the other class. The points the come into
contact with these parallel hyperplanes are known as support vectors.
Now, the optimization problem can be written as shown below. (4.6) is imposed as an
inequality constraint to prevent data points from lying on the margin.
min 11|11
s.t. ci(3 - i- b) _ 1 (4.6)
(, ci)E r, i E [1, n]
This optimization problem is non-convex and hence it is reformulated as shown below. The
reformulated optimization problem is now a convex optimization problem and can be solved
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using Quadratic Programming.
1
mm - 112in wlli2
2
s.t. ci(- - X - b) > 1
(4, ci) r,i E [1,n]
Boser et al [2] proposed that such linear classifier could easily be used as a non-linear
classifier by means of a kernel trick[l] to the maximum-margin hyperplanes. The method
replaces every dot product in the algorithm with a non-linear kernel function. For example,
the maximum-margin hyperplane can be found in the Hilbert space by using a Gaussian
Radial Basis Function as the kernel function. The Gaussian Radial Basis Function is repre-
sented in Equation (4.7). Although the maximum-margin hyperplane is linear in the Hilbert
Space, it is non-linear in the original input space.
.X 1is replaced by exp - 2o22  (4.7)
Other possible kernel functions include the polynomial kernel and the Sigmoid kernel. More
details on the SVM algorithms with the different types of kernels can be found in Burges
[5].
For the problem, the use of SVM was highly appropriate. Results that came out from
the stokes solver simulations were classified as trapped or not-trapped for a range of a, b,
Q and yo. Therefore, by finding the margin which classifies whether a bead was trapped or
not-trapped for certain values of a, b, Q and yo, the value of ycit can be obtained.
The points used to generate the surrogate model in the SVM algorithm were the 50
sample points generated using the Halton Sequence as mentioned in Subsection 4.3.1. The
values of the variables and the corresponding simulation results can be found in Appendix
B.
The kernel function chosen for the SVM algorithm was the Gaussian Radial Basis Func-
tion. The value of the scaling factor, cr, was set as 1.433. This value was chosen by sweeping
through a range of values from 0.01 to 3 and The classifier that was trained by the set of
the first 50 points classified all the 50 points correctly for the whole range of a. Therefore,
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the next 20 points of the Halton Sequence, after the first 50, were generated and evaluated
using to the Stokes solver to find the optimal value of a. The next 20 points of the Halton
Sequence, after the first 50, were generated and evaluated using the Stokes solver as well. As
the kernel function chosen for the SVM algorithm was the Gaussian Radial Basis Function,
the additional 20 points were used to obtain the optimal value of the scaling factor, a.
Using the first 50 points to train the classifier, setting a = 1.433 gave the highest
percentage of accuracy when classifying the additional 20 points. The value for a was
chosen by sweeping through a range from 0.01 to 3 for a. 90% of the 20 points were
correctly classified when a was defined as 1.433 as shown by Figure 4-11.
Plot of Percentage correct vs a
C,
U)
0
C,
a)
a
Figure 4-11: A plot of the percentage correctly classified against a.
The next 20 points of the Halton Sequence was generated (i.e. a total of 90 points of
the Halton Sequence were generated) and evaluated using the Stokes solver to evaluate the
fidelity of the surrogate to the simulation when a was chosen as 1.433. The percentage of
the last 20 points generated that were classified correctly was 60%. The surrogate is a fair
model of the simulation.
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4.4 Results and Discussion
4.4.1 Visualization
The surrogate built using SVM with the 50 sample points is a decent approximation of the
simulation and computationally much cheaper than the Stokes solver. The value of ycit
was evaluated using the surrogate model. 201 nodes were evenly placed along a, b and Q.
This resulted in 8,120,601 combinations of a, b and Q. For a certain combination of a, b
and Q, ycrit was obtained by using a bisection method with the upper bound being 1.8e-5
m and the lower bound being 0 m. These values are the same as the upper and lower bound
of yo. If the results evaluated for both the cases of yo = 0 and yo = 1.8e-5 for a combination
of a, b and Q showed that the bead is not trapped, y~it is then assigned as Not-A-Number
(NaN). This means that no beads were trapped for that certain combination of a, b and Q,
no matter what values yo took. On the other hand, if the results evaluated for both the
cases of yo = 0 and yo = 1.8e-5 showed that the bead is trapped, ycrit is then assigned the
value of the upper bound. The tolerance used for the bisection method is such that the
relative error between the previous iteration and the present iteration is less than le-6.
By choosing a certain flow rate (i.e. fixing the variable Q), we can visualize the perfor-
mance of various weir geometries for that certain flow rate. Figure 4-12 and Figure 4-13
are surface and contour plot of yit for the entire range of a and b respectively when Q =
1.67e-10 m3/s. The white area on the contour plots represents conditions that yrit = NaN.
This means that regardless of the starting position of the bead, the bead will eventually
escape from the weir.
Referring to Figure 4-13, it is not unexpected that the higher values of ycrit are nearer
to the upper right corner as the geometries of the weir there have larger mouths. However,
it is surprising to find that despite the fact that the weir geometry at the corner has the
largest mouth, the value of yrit there is less than the yrit found at (b) in Figure 4-13.
Figure 4-14 shows a series of contour plots of yrit over a and b at different intervals of
Q. It is intuitive to think that a high flow rate meant that beads were more likely to escape
from a weir of any geometry. However, the results of the visualization shown here proved
that ycrit does not vary linearly with the flow rate for all weir geometries. In fact, certain
weir geometries that were unable to retain any beads at the lowest flow rate could retain
the bead when the flow rate increased. In addition, the maximum value of y,cit when Q =
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Figure 4-12: A surface plot of ycrit over the range of a and b. Q = 1.67e-10 m3/s.
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Figure 4-13: A contour plot of ycrit over the range of a and b. The extreme weir geometries
are shown at the corners. (a) is the weir geometry that resembled the initial SU-8 weir. (b)
is the weir geometry with highest value of ycrit.
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6.453e-10 m3/s is more then the maximum value of yit when Q = 1.67e-10 m3/s.
4.4.2 Optimization
As mentioned in Section 4.1, the goal was to find a weir geometry and flow rate to maximize
the value of yit. Mathematically, the problem is shown below. Equation (4.8) is imposed
as a constraint such that for a certain combination of a, b, Q and yo, it will be classified by
the SVM algorithm, mentioned in Section 4.3.2, as trapped.
max yo
s.t svm(a, b, Q, yo) < 0 (4.8)
3.7569365e - 6 < a < 1.74048e - 5 (4.9)
5.6469206e - 6 < b < 5.439722e - 5 (4.10)
1.67e - 10 < Q < 2.08e - 9 (4.11)
0 < Yo K 1.8e - 5 (4.12)
The plots found in Subsection 4.4.1 provide good understanding of the design space.
Referring to Figure 4-14, the design space is well behaved in general. The design space
is smooth and resembles a paraboloid that was flattend at the maxima. Judging from
visualization plots of the design space, the function contains only one local maximum: the
global maximum. Hence, the Sequential Quadratic Programming (SQP) algorithm was the
algorithm of choice for solving this particular optimization problem.
Scaling was of particular importance here in the optimization problem. From the prob-
lem formulation stated above, it can be seen that, ignoring units, Q was 10,000 times smaller
than the other variables. Therefore, the variables were scaled such that they varied within
the interval of [0,1]. Using plots of the visualized space in Figure 4-13 as a guide, the start-
ing point for the optimization was chosen as a=1.74e-5 m, b = 4.392e-5 m, Q = 1.67e-10
m3/s, yo = 1.2e-5 m.
The solution that was given by the optimizer was [a, b, Q, yo] = [1.7405e-5 m, 4.4023e-5
m, 6.8496e-10 m3/s, 1.8000e-5 m]. The maximum value of yeit found was 1.8e-5 m, which
corresponded to the upper bound value of yo. The weir geometry given by the solution from
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Figure 4-14: A series of contour plots of Ycrit for the entire range of a and b at various
intervals of Q.
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the optimizer is shown in Figure 4-15.
Figure 4-15: The geometry of the weir which gave a maximum ycrit when Q = 6.8496e-10
m3/s. The bead is placed such that is its y-coordinate is yrit.
The Lagrange multipliers obtained from the results of the optimization was [2.9057e-10,
0, 0, 1] for the upper bound limits and 5.6039e-10 for constraint (4.8). These values meant
that the upper bound of a and constraint (4.8) were active. However, the objective function
is insensitive to the constraint values.
4.4.3 Iso-Surfaces
Although the upper and lower bounds for the weir geometry parameters were chosen to
produce geometries that were manufacturable, some of the weir designs that produce high
values of ycrit might be more difficult to manufacture than others. It is then interesting to
find alternate weir geometries that could be manufactured much more easily so that the
same value of ycrit can still be achieved by setting the flow rate.
Certain weir geometries, for example those with larger mouths, might be more sus-
ceptible to capturing redundant beads when one is already within the mouth. Capturing
additional beads violates the purpose of the microfluidic weirs. This motivates the interest
to find other weir geometries that is less likely to capture additional beads and yet maintain
the same high value of Ycit.
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Using the values of ycrit obtained from the surrogate model as mentioned in Subsection
4.4.1, an iso-surface can be plotted as well to find weir geometries and flow rates that result
in the same value of ycrit. An example of the iso-surface is shown in Figure 4-16 where ycrit
= 1.5e-5 m.
Isosurface plot for Y,tl .50e-005
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Figure 4-16: A iso-surface plot of the various weir geometries and flow rate that would give
a value of ycit = 1.5e-5 m.
Plots of the iso-surfaces allow weir designers to explore alternate weir geometries that
gave the same value of ycrit. Certain effects, such as beads floating past the weir, that
were not taken into account for the simulations may produce weir geometries that may not
perform as well as simulated when carried out experimentally. However, with the knowledge
of alternate designs that have the same objective values, the weir designer is able to choose
other weir geometries that are not so heavily affected by the effects that were not accounted
for in the simulations, therefore obtaining a good weir geometry.
Using Ycrit as an measure of the ability for a weir to retain the bead within the weir, a
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design space exploration and optimization was carried out for different weir geometries and
flow rates. The SVM algorithm does a decent job in building a surrogate for the simulation.
More sample points is required for future work to improve the fidelity of the surrogate.
The results showed that weirs that have larger values of a are better at retaining the
bead. A minimum value of b is required for the weir to be able to retain the bead at all
but the ability of the trap to retain the bead is much more sensitive to a than b. It was
surprising to find that the lowest flow rate is not the flow rate that will give the maximum
value of ycrit. An optimal weir geometry was produced and it is recommended to test it
experimentally to validate its performance with the simulations.
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Chapter 5
Conclusion and Future Work
5.1 Thesis Summary
Microfluidic weirs enable biologists to study large numbers of isolated single cells. The
ability of the weir to retain the cell in the weir hydrodynamically is a crucial step for such
studies because the cells have to be loaded hydrodynamically before any sorting in the
array of weirs can be done. To date, no numerical analysis or design optimization has been
done on the microfluidic weirs. A rich potential exists to improve the performance of the
microfluidic weir using an optimizer. A design optimization on the microfluidic weir will
reduce the number of physical iterations the weir designer has to go through, hence saving
time and money.
Two modes of escape, that were observed experimentally were studied in detail. The
study gave insights to the mechanisms behind each mode of escape. Beads that escape
by wrapping around the side have many dynamic interactions with the substrate floor and
tips of the weir. On the other hand, beads that escape over the top of the trap generally
leaves the substrate floor from the start and interact with the walls that are nearer to the
plane of symmetry. The insights gained from this study allows microfluidic weir designers
to improve the weir designs.
An optimal trap design that maximizes the ability of the weir to retain a bead was ob-
tained. It was obtained using a surrogate that was built using the Support Vector Machines
(SVM) algorithm. The trap geometry and flow rate were used as variables in the design
optimization problem. The design variables that gave the optimal design are [a, b, Q, yo]
= [1.7405e-5 m, 4.4023e-5 m, 6.8496e-10 m3/s, 1.8000e-5 m]. The value of the objective
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function, Ycrit, is 1.8e-5 m. Figure 5-1 shows the trap geometry of the solution from the
optimizer.
Figure 5-1: The geometry of the weir which gave a maximum ycrit when Q = 6.8496e-10
m3/s. The bead is placed such that is its y-coordinate is Ycrit.
Results from the design space exploration and optimization showed that a minimal depth
of the mouth of the weir is required for the weir to be able to retain any beads. However,
the ability of the weir to retain beads are more sensitive to the width of the mouth than the
depth. It was surprising to find that the lowest flow rate is not the flow rate that optimize
the ability of the weir to retain the bead.
5.2 Future Work
The 'Around The Side' (ATS) mode of escape was not simulated for the weir that resembled
the Photopatternable silicon (PPS) weirs. Future work could be done to extract a better
profile of the weir geometry from the photographs of the PPS weirs. Further work could
be done by carrying out simulations for the PPS weirs with more bead diameters such as 8
pm, 12 pm and 17 pm and more flow rates like 1.67e-10 m3/s to get a better understanding
of where the boundaries of ATS, trapped and 'Over The Top' (OTT) are for the PPS weirs.
Another possible extension for work involving the PPS weirs could be to parameterize the
PPS weirs and then carrying out a design space exploration and optimization on the weirs.
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From a surrogate-building standpoint, different algorithms can be used to build the
surrogate. Algorithms, such as Indicator Kriging, can be used to build the surrogate and
comparisons can be made between the surrogates obtained by SVM and Indicator Kriging.
The surrogate built in the thesis is a decent representation of the simulation but more
points can be generated to improve the fidelity of the surrogate. Apart from improving
the surrogate with additional points, further testing on the theoretical optimal trap design
could be done. Numerical and physical experiments could be carried out on it to evaluate
the true performance of the optimal design.
Another avenue of interest is to simulate multiple beads in the simulation domain and
observe their interactions with the bead sitting in the weir. It is interesting to understand the
dynamic interaction in scenarios such as one bead moving in or near the weir when there is
already one within the mouth of the weir. Such scenarios occur frequently in experiments as
shown in Figure 5-2. Hence, gaining a better understanding of their interactions numerically
will aid microfluidic weir designers to improve their designs.
Figure 5-2: An image of the SU-8 weir with a bead sitting in it and another moving in.
Flow direction is from left to right. Figure courtesy of Taff.
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Appendix A
Configuration file for Stokes solver
mesh bead ico.sphere-reLl.off isclosed=true is.rigid=true collision.model.type=sphere
set bead density=1.05e3
boundarycondition bead knownvelocity [0,0,0]
transform bead rescale-andcenterat [1.000000e-05,1.000000e-05,1.000000e-05,8.280380e-06,0,5.000000e-
06]
mesh trap SU8_weir.off isclosed=true is-rigid=true is.fixed=true
boundarycondition trap knownvelocity [0,0,0]
plane substrate
backgroundflow x channel.flow(2.080000e-09,0.004,0.00024,-0.0015,0,y,z)
gravity = 9.800e0
output-file.name = initpointl.mat
maxgmres-iterations = 100
solver.reltol = le-5
formulation.remove-null-space-projection = true
formulation.overlappingpreconditioinerdistanceJactor = 0.25
formulation.right_overlappingpreconditioner = true
pfft.max.num-nearby.interactions=300
pfft.proposed-grid.spacing-factor = [1,1,1]
fluid.mu = 8.9e-4
fluid.density = 1000
initialstep = 0.001
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timebegin = 0.0
timeend = 50
min-step = le-5
maxstep = 1
max_error_perstep = 0.25e-7
max_growth_perstep = 4.0
maxreduction_per.step = 0.25
step.safetyfactor = 0.9
This .cfg file is written for a bead of 10 pm, flow rate of 8.33e-10 m3 /s.
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Appendix B
Table of results for the 90 sample
points
Sample Point No. a
1.05809e-005
7.1689e-006
1.39928e-005
5.46292e-006
1.22869e-005
8.87489e-006
1.56988e-005
4.60993e-006
1.14339e-005
8.02189e-006
1.48458e-005
6.31591e-006
1.31398e-005
9.72788e-006
1.65518e-005
4.18343e-006
1.10074e-005
b
2.1897e-005
3.81471e-005
1.10636e-005
2.73137e-005
4.35638e-005
1.64803e-005
3.27304e-005
4.89805e-005
7.45249e-006
2.37026e-005
3.99527e-005
1.28692e-005
2.91193e-005
4.53694e-005
1.82859e-005
3.4536e-005
5.07861e-005
Q
5.496e-010
9.322e-010
1.3148e-009
1.6974e-009
2.4352e-010
6.2612e-010
1.00872e-009
1.39132e-009
1.77392e-009
3.2004e-010
7.0264e-010
1.08524e-009
1.46784e-009
1.85044e-009
3.9656e-010
7.7916e-010
1.16176e-009
Yo
2.57143e-006
5.14286e-006
7.71429e-006
1.02857e-005
1.28571e-005
1.54286e-005
3.67347e-007
2.93878e-006
5.5102e-006
8.08163e-006
1.06531e-005
1.32245e-005
1.57959e-005
7.34694e-007
3.30612e-006
5.87755e-006
8.44898e-006
continued on the next page
123
Trapped
TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
TRUE
FALSE
FALSE
FALSE
TRUE
FALSE
FALSE
TRUE
TRUE
FALSE
TRUE
Sample Point No.
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
a
7.5954e-006
1.44193e-005
5.88942e-006
1.27133e-005
9.30138e-006
1.61253e-005
5.03642e-006
1.18604e-005
8.44839e-006
1.52723e-005
6.74241e-006
1.35663e-005
1.01544e-005
1.69783e-005
3.97018e-006
1.07941e-005
7.38215e-006
1.42061e-005
5.67617e-006
1.25001e-005
9.08813e-006
1.59121e-005
4.82318e-006
1.16471e-005
8.23514e-006
1.50591e-005
6.52916e-006
1.33531e-005
9.94112e-006
b
9.25805e-006
2.55082e-005
4.17583e-005
1.46748e-005
3.09249e-005
4.7175e-005
2.00915e-005
3.63416e-005
5.25917e-005
6.24878e-006
2.24989e-005
3.8749e-005
1.16655e-005
2.79156e-005
4.41657e-005
1.70822e-005
3.33323e-005
4.95824e-005
8.05434e-006
2.43044e-005
4.05545e-005
1.3471e-005
2.97211e-005
4.59712e-005
1.88877e-005
3.51378e-005
5.13879e-005
9.85991e-006
2.611e-005
Q
1.54436e-009
1.92696e-009
4.7308e-010
8.5568e-010
1.23828e-009
1.62088e-009
2.00348e-009
1.82304e-010
5.64904e-010
9.47504e-010
1.3301e-009
1.7127e-009
2.58824e-010
6.41424e-010
1.02402e-009
1.40662e-009
1.78922e-009
3.35344e-010
7.17944e-010
1.10054e-009
1.48314e-009
1.86574e-009
4.11864e-010
7.94464e-010
1.17706e-009
1.55966e-009
1.94226e-009
4.88384e-010
8.70984e-010
Yo
1.10204e-005
1.35918e-005
1.61633e-005
1.10204e-006
3.67347e-006
6.2449e-006
8.81633e-006
1.13878e-005
1.39592e-005
1.65306e-005
1.46939e-006
4.04082e-006
6.61224e-006
9.18367e-006
1.17551e-005
1.43265e-005
1.6898e-005
1.83673e-006
4.40816e-006
6.97959e-006
9.55102e-006
1.21224e-005
1.46939e-005
1.72653e-005
2.20408e-006
4.77551e-006
7.34694e-006
9.91837e-006
1.24898e-005
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Trapped
FALSE
FALSE
FALSE
TRUE
TRUE
TRUE
FALSE
FALSE
FALSE
FALSE
TRUE
TRUE
FALSE
TRUE
FALSE
FALSE
FALSE
TRUE
FALSE
TRUE
FALSE
FALSE
FALSE
FALSE
TRUE
TRUE
FALSE
FALSE
FALSE
Sample Point No. a
1.67651e-005
4.39668e-006
1.12206e-005
7.80865e-006
1.46326e-005
6.10266e-006
1.29266e-005
9.51463e-006
1.63386e-005
5.24967e-006
1.20736e-005
8.66164e-006
1.54856e-005
6.95565e-006
1.37796e-005
1.03676e-005
1.71916e-005
3.86356e-006
1.06875e-005
7.27553e-006
1.40995e-005
5.56954e-006
1.23935e-005
8.98151e-006
1.58054e-005
4.71655e-006
1.15405e-005
8.12852e-006
1.49524e-005
b
4.23601e-005
1.52766e-005
3.15267e-005
4.77768e-005
2.06933e-005
3.69434e-005
5.31935e-005
6.85063e-006
2.31007e-005
3.93508e-005
1.22673e-005
2.85174e-005
4.47675e-005
1.7684e-005
3.39341e-005
5.01842e-005
8.6562e-006
2.49063e-005
4.11564e-005
1.40729e-005
3.0323e-005
4.65731e-005
1.94896e-005
3.57397e-005
5.19898e-005
1.04618e-005
2.67119e-005
4.2962e-005
1.58785e-005
Q
1.25358e-009
1.63618e-009
2.01878e-009
1.97608e-010
5.80208e-010
9.62808e-010
1.34541e-009
1.72801e-009
2.74128e-010
6.56728e-010
1.03933e-009
1.42193e-009
1.80453e-009
3.50648e-010
7.33248e-010
1.11585e-009
1.49845e-009
1.88105e-009
4.27168e-010
8.09768e-010
1.19237e-009
1.57497e-009
1.95757e-009
5.03688e-010
8.86288e-010
1.26889e-009
1.65149e-009
2.03409e-009
2.12912e-010
Yo
1.50612e-005
1.76327e-005
5.24781e-008
2.62391e-006
5.19534e-006
7.76676e-006
1.03382e-005
1.29096e-005
1.5481e-005
4.19825e-007
2.99125e-006
5.56268e-006
8.13411e-006
1.07055e-005
1.3277e-005
1.58484e-005
7.87172e-007
3.3586e-006
5.93003e-006
8.50146e-006
1.10729e-005
1.36443e-005
1.62157e-005
1.15452e-006
0.0398884
-0.00432138
-0.00244376
-0.00250759
-0.0033223
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Trapped
TRUE
FALSE
TRUE
TRUE
TRUE
FALSE
TRUE
FALSE
FALSE
TRUE
FALSE
TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
TRUE
FALSE
TRUE
FALSE
FALSE
TRUE
TRUE
FALSE
TRUE
FALSE
FALSE
continued
Sample Point No. a b Q Yo Trapped
76 6.42253e-006 3.21286e-005 5.95512e-010 0.00345663 FALSE
77 1.32465e-005 4.83787e-005 9.78112e-010 0.0399812 TRUE
78 9.8345e-006 2.12952e-005 1.36071e-009 0.00502205 TRUE
79 1.66584e-005 3.75453e-005 1.74331e-009 0.0219392 TRUE
80 4.29006e-006 5.37954e-005 2.89432e-010 -0.00174586 FALSE
81 1.1114e-005 5.84754e-006 6.72032e-010 -0.00364007 FALSE
82 7.70202e-006 2.20976e-005 1.05463e-009 -0.00051132 FALSE
83 1.4526e-005 3.83477e-005 1.43723e-009 -0.00272241 FALSE
84 5.99604e-006 1.12642e-005 1.81983e-009 -0.00010766 FALSE
85 1.282e-005 2.75143e-005 3.65952e-010 0.0148237 TRUE
86 9.408e-006 4.37644e-005 7.48552e-010 -0.00279354 TRUE
87 1.62319e-005 1.66809e-005 1.13115e-009 0.00318321 TRUE
88 5.14305e-006 3.2931e-005 1.51375e-009 -0.00043674 FALSE
89 1.1967e-005 4.91811e-005 1.89635e-009 -0.00249757 FALSE
90 8.55501e-006 7.65311e-006 4.42472e-010 0.00059126 FALSE
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